A. DE LA GARZA 453 condition that there was stability when b" < 0, and instability when b" > 0. The need for a second condition was suggested by the author2 in 1952; in [1], the case of a vaporfilled bubble was treated. The present note supplies such a condition for the general case that b changes by a large ratio.
Introduction.
Suppose that we are given a bounded region R, f > 0, a function <t>B on the boundary B of R, and point functions / and g in R, and that we are required to determine <t> so that (P): d*<t>/dx2 + d24>/dy2 = /<#>+ g in R, </> = </>« on B.
In order to calculate <f> approximately, we first construct a square grid in a rectangle S that has sides parallel to the coordinate axis and is large enough to contain R in its interior. Then we approximate (P) by a system of linear algebraic difference equations, arriving at a nonhomogeneous linear algebraic system A <t> = v,
where <£ is a vector having a component associated with each of the 2V grid points inside R, j? is a known iV-vector, and A is a known N X N matrix. Finally, we obtain an approximate solution <f>0 of (1), committing an error « = A~\i) -A<f>o).
A direct estimate of e is given in Eq. (4) below. Our principal object is to show that « can be estimated far more conveniently, though less exactly, from a properly chosen system L of linear algebraic equations set up on the M > N grid points interior to the rectangle S. Though motivated and illustrated by problem (P), L can be constructed as soon as A (with the properties listed below) is known. This method applies generally to any system (1) with those properties. (1), the error in <t>0 being e = (e,), we have from (1) and the limit in (2) that
where the residual vector p = (r.) is r? -A<j>0 .
We proceed to give a direct estimate for e. Use is made of the abmatrix; see [2] . 
where {Ev\pM)* is the column vector formed by the N elements of E"\pM corresponding to the N rows of E which contain the submatrix Es . Since E" -> 0 as p -> °°, (/ -E) is non-singular. We may verify that jZE° = {I-E)-\
P-0 Hence, r = E E^m (
V 0 is the solution of the system (J -E)t = -
Therefore, if r* = we see from (4), (5), and (6) that <*(«) < r*rv/mL ,
which is an estimate of the error « in the approximate solution <f>0 of (1). In applying this bound, we choose E in such a way that (8) has a readily obtainable solution.
3. Application to a Poisson-type equation.
To illustrate use of the methods in part 2, we return to the problem (P) in part 1 and its approximation by finite differences. Let the grid spacing in S be Ax -Ay -8. Assign one of the numbers q = 1(1) Ar as an index to each of the grid points interior to R. The first order system approximating (P) then is: , we see that the characteristic roots of E are less than one in absolute value; hence, Ev -» 0 as p -»®>. It follows that the solution of (11) may be used in (9) to compute an error bound for an approximate solution of (1). We may verify that the solution of (11) For specifying the largest absolute residual which may be tolerated in an iterated solution, a bound for the maximum error ev = max | e, | is useful. From (9), tgTu/w,L ,
where tv -max((,,;). For simplicity, let both H and I be even. We may verify that tv occurs at h = H/2, i = 1/2, and that
• cot rir/2H cot sir/21,
where the summation is on odd values of r and s. For illustration, tu in (14) with mL = 4 is tabulated in Table 1 for H, I = 8 (2) 20. Since tv in (14) increases as mL decreases, the tabulated values may be used in (13) to state error bounds for an approximate solution of the linear system (10). 
